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Abstract. We consider sets of operations on a set A that are closed under 
permutation of variables, addition of dummy variables and composition. We 
describe these closed sets in terms of a Galois connection between operations 
and systems of pointed multisets, and we also describe the closed sets of the 
dual objects by means of necessary and sufficient closure conditions. Moreover, 
we show that the corresponding closure systems are uncountable for every A 
with at least two elements. 



1. Preliminaries 

Throughout this paper, let A be an arbitrary nonempty set. An operation on A 
is a map / : A" — A for some integer n > 1, called the arity of /. For n > 1, the set 
of all n-ary operations on A is denoted by O^-* , and the set of all operations on A is 
denoted by Oa ■— Un>i ^a^- For a subset T C Oa and an integer n > 1, the n-ary 
part of is defined as J-^"^ :^ J- H O^j^K For each n > 1 and I < i < n, the n-ary 
operation e"'"^ on A defined by (ai, . . . , an) ai is called the z-th rt-ary projection 
on A. We denote the set of all projections on A by £a ■= {e"' | 1 < ? < n}. 

We denote the set of natural numbers by uj := {0, 1,2,...}, and we regard its 
elements as ordinals, i.e., n G w is the set of lesser ordinals {0, 1, . . . , n—l}. Thus, an 
n-tuple a G is formally a map a: {0, 1, . . . , n — 1} — > A. The notation (a^ | i € n) 
means the n-tuple mapping i to a; for each i G n. The notation (ai, . . . , a„) means 
the n-tuple mapping i to a^+i for each i € n. 

We view an m x n matrix M G j^mxn -^j^j^ entries in A as an n-tuple of m- 
tuples M := (a^, . . . , a"). The m-tuples a^, . . . , a" are called the columns of M. 
For i E m, the n-tuple (a^(i), . . . ,a"(i)) is called row i of M. If for I < i < p, 
Mi :— {a.\, . . . , ajj.) is an m X ni matrix, then we denote by [M1IM2I • • • |Mp] the 
m X X)r=i '^i matrix (a}, . . . , a^^ , a^, . . . , ai^^ , . . . , a^, . . . , aj^^). An empty matrix 
has no columns and is denoted by (). 

For a function f : A" ^ B and a matrix M := (a^, . . . ,a") G we denote 

by /M the m-tuple {fia^i), . . . ,a"(i)) | i G m) in B™, in other words, /M is the 
m-tuple obtained by applying / to the rows of M. 

Mal'cev [12] introduced the operations r. A, V, * on the set Oa of all opera- 
tions on A, defined as follows for arbitrary / G O^^^ , g G O^"' : 



(Tf){xi,X2, ■ . ■,Xn] 
(A/)(xi,X2, . . .,Xn-l] 



= fix2,X3,...,Xn,Xi), 
= fix2,Xi,X3,...,Xn), 
= f{xi,Xi,X2,---,Xn~l) 
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for n > 1, C/ = r/ = A/ := / for n = 1, and 

(V/)(a;i,a;2, . . . ,a;„+i) /(a;2, . . . ,a;„+i), 

The operatfons C and t are collectively referred to as permutation of variables, 
A is called identification of variables (also known as diagonalization) , V is called 
addition of a dummy variable (or cylindrification) , and * is called composition. The 
algebra (Oa; Cj '''i *) of type (1, 1, 1, 1, 2) is called the full iterative algebra on 
A, and its subalgebras are called iterative algebras on A. A subset T C Oa is 
called a cZone on A, if it is the universe of an iterative algebra on A that contains 
all projections e"'^, 1 < i < n. 

A Galois connection between sets A and i? is a pair (cr, vr) of mappings a : V{A) — >■ 
ViB) and tt: ■p(B) ^ 7'(A) between the power sets P(A) and ViB) such that for 
all X,X' C A and all y, F' C _B the following conditions are satisfied: 

X CX' =^ a{X) D (j{X'), 

Y CY' =^ Tr{Y) D 7r(r'), 

and 

X C 7r{a{X)), 
Y C a(7r(r)), 

or, equivalently, 

X C 7r(r) cr(A:) D F. 
Galois connections can be equivalently described as certain mappings induced 
by polarities, i.e., relations i? C j4 x i3, as the following well-known theorem shows 
(for early references, see [HITS]; see also (4l[T0]): 

Theorem 1.1. Let A and B be nonempty sets and let R C_ A x B. Define the 
mappings a: V{A) V{B), vr: P{B) V(A) by 

a{X) := {y e B I Vx e X: (x,2/) e R}, 

7r(y) := {x e A\\/y eY: {x,y) £ R}. 

Then the pair (cr, tt) is a Galois connection between A and B. 

A prototypical example of a Galois connection is given by the Pol-Inv theory of 
functions and relations. For m > 1, we denote 

7^^"' := {i? I i? C A"} = ViA"^) 

and 

m> 1 

Let R e 7^^^ For a matrix M G A"^", we write M ^ i? to mean that the 
columns of M are m-tuples from the relation R. An operation / : A" ^> A is said 
to preserve R (or / is a polymorphism of R, or R is an invariant of /), denoted 
/ t> i?, if for aU m x n matrices M e yl™x" 

M -< i? implies /M e R. 

For a relation R e TZa, we denote by Poli? the set of all operations / G Oa that 
preserve the relation R. For a set Q C TZa of relations, we let Pol Q := PliieQ Pol R. 
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The sets Poli? and Pol Q are called the sets of all polymorphisms of R and Q, 
respectively. Similarly, for an operation / e Oa , we denote by Inv / the set of all 
relations R € TZa that are preserved by /. For a set T C Oa of functions, we let 
Inv J-" :— P|yg_plnv/. The sets Inv / and Inv J-" are called the sets of all invariants 
of / and respectively. 

By Theorem 11.11 (Inv, Pol) is the Galois connection induced by the relation O 
between the set Oa of all operations on A and the set TZa of all relations on A. It 
was shown by Geiger and independently by Bodnarcuk, Kaluznin, Kotov and 
Romov [1 that for finite sets A, the closed subsets of Oa under this Galois connec- 
tion are exactly the clones on A. These authors also described the Galois closed 
subsets of TZa by defining an algebra on TZa and showing that the closed sets of re- 
lations are exactly the relational clones, i.e., the subuniverses of the aforementioned 
algebra on TZa- 

Theorem 1.2 (Geiger [7]; Bodnarcuk, Kaluznin, Kotov and Romov [1'). Let A be 
a finite nonempty set. 

(i) A set J- C Oa of operations is the set of polymorphisms of some set Q C TZa 
of relations if and only if T is a clone on A. 

(ii) A set Q C TZa of relations is the set of invariants of some set C Oa of 
operations if and only if Q is a relational clone on A. 

On arbitrary, possibly infinite sets A, the Galois closed sets of operations are the 
locally closed clones, as shown by Szabo [T5^ and independently by Poschel [TF. A 
set T C Oa of operations is said to be locally closed, if it holds that for all / G Oa, 
say of arity n, f E T whenever for all finite subsets F C A", there exists a function 
g e such that /|f = g\F- 

These results were generalized to iterative algebras (with or without projections) 
by Harnau [8 who defined a polarity between operations and relation pairs. An 
m-ary relation pair on A is a pair {R, R') where R, R' G T?.^-* for some m > 1 and 
R' C R. For m > 1, denote 

•H^") {(i?, R') \R' CRC A"'} 

and 

U ^i™^- 

rn> 1 

An operation / G Oa is said to preserve a relation pair {R, R') G T-l^™\ denoted 
/ O {R,R'), if for all matrices M G A™^", M ^ R implies /M G R' . In light 
of Theorem 11.11 the preservation relation O induces a Galois connection between 
the sets Oa and TIa- Harnau showed that the closed sets of operations are exactly 
the universes of iterative algebras. He defined certain operations on the set Ha 
of relation pairs and showed that the Galois closed subsets of relation pairs are 
precisely the subsets that are closed under these operations. 

In [TT], the subalgebras of the reduct {Oa; C: V, *) of the full iterative algebra 
containing all projections were completely characterized in terms of a preservation 
relation between operations and so-called clusters. In analogy with Harnau's ap- 
proach to iterative algebras (i.e., considering all subalgebras of (O^; C, t. A, V, *) 
with or without projections and thus extending the Pol-Inv theory of clones and re- 
lations) , in this paper we relax the closure system to all subalgebras of {Oa ; Ci '''i V, *) , 
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not necessarily containing all projections. This is achieved within a Galois frame- 
work where the dual objects are systems of pointed multisets. We will also describe 
the Galois closed sets of these dual objects in terms of explicit closure conditions. 
Furthermore, we will show that the respective closure systems are uncountable for 
ah \A\ > 2. 

Such a relaxation is both natural and noteworthy. Motivating examples are 
those sets of operations obtained from clones by removing all those operations that 
have arity at most m for some fixed m > 1. Clearly, these sets are closed under 
permutation of variables, addition of dummy variables, and composition, and hence 
they constitute subalgebras of the reduct {Oa] C: *)■ 

This line of research has been carried out by several authors (see [TJ [21 [71 HI 
m [m [m [m Hl]; & brief survey of the topic is provided in [IT; see also chapter 
"Galois connections for operations and relations" by R. Poschel in [4j, pp. 231-258). 
Sections [1] and [5] of the current paper are based on [3] . 

2. Sets of operations closed under permutation of variables, 
addition of dummy variables, and composition 

We now consider the problem of characterizing the sets of operations on an 
arbitrary nonempty set A that are closed under permutation of variables, addition 
of dummy variables, and composition (but not necessarily under identification of 
variables). 

A finite multiset S on a set A is a map 1^5 : A ^ uj, called a multiplicity function, 
such that the set {x S A | i^six) ^ 0} is finite. Then the sum J2xi£a'^s{x) is a 
well-defined natural number, and it is called the cardinality of S and denoted by 
5*1. The number vsix) is called the multiplicity of x in S. We may represent a finite 
multiset S by giving a list enclosed in set brackets, i.e., {ai, . . . ,a„}, where each 
element x E A occurs vsix) times. If S' is another multiset on A corresponding 
to vs' : A ^ uj, then we say that S' is a submultiset of S, denoted S' C S, if 
i^S'ix) < vs{x) for all X A. We denote the set of all finite multisets on A by 
M.{A). We also denote, for each p > 0, by M'^p\A) the set of all finite multisets 
on A of cardinality at most p, i.e., M^^\A) := {S G M{A) \ \S\ < p}. 

The set M{A) is partially ordered by the multiset inclusion relation "C". The 
join 51+15' and the difference 5 \ 5' of multisets 5 and 5' are determined by the 
multiplicity functions 

•^SXS'ix) ■■= max{i/s(x) - vs'{x),Qi}, 

respectively. The empty multiset on A is the zero function, and it is denoted by e. 
A partition of a finite multiset 5 on A is a multiset {5i, . . . , 5„} (on the set of all 
finite multisets on A) of nonempty finite multisets on A such that 5 = 5i tt) • • • W 5„ . 

A pointed multiset on a set A is a pair {x,S) £ Ax M.[A). The multiset 
{x} ttJ 5 is called the underlying multiset of {x,S). We define the cardinality of a 
pointed multiset (x, 5) to be equal to the cardinality of its underlying multiset, i.e., 
\{x, 5)1 :— \{x} tbi 5| = |5| -I- 1. If (a:, 5) and (a;', 5) are pointed multisets on A, then 
we say that (x, 5) is a pointed submultiset of (x',5'), denoted (x, 5) C (x',5'), if 
X = x' and S C S' . 

For an m X n matrix M G j\mxn ^ ^-j^g multiset of columns of M is the multiset 
M* on A™ defined by the function xm which maps each m-tuple a G A™ to the 
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number of times a occurs as a column of M. A matrix N e [g a submatrix 

of M e A™^" if N* C M*, i.e., XN(a) < XM(a) for all a e A™. 

For an integer m > 1, an m-ary system of pointed multisets on A (a system 
for short) is a pair ($,$') G x V{A^' x A^(A'")), where the antecedent 

<i> C MiA""-) is a set of finite multisets on A™ and the consequent $' C A^"xM{A™-) 
is a set of pointed multisets on satisfying the following two conditions: 

(1) {x, S) e $' and S' CS imply {x, S') £ 

(2) (a;, S) e $' implies {x} W S* £ $. 

For TO > 1, we denote the set of all TO-ary systems of pointed multisets on A by 
W'x"\ and we denote the set of all systems of pointed multisets on A by 

Wa U W'^l 

m>l 

For ($, (*: e X T'CA™ x we write ($, $') C ^'') 

to mean componentwise inclusion, i.e., $ C ^I^ and $' C 'J''. 

If M G ^'"X" and $ is a set of multisets over A"^, we write M ^ <i> to mean that 
the multiset M* of columns of M is an element of $. If M = (mi, . . . , m„) G j^rnxn^ 
n > 1, and $' is a set of pointed multisets {x,S) G A™ x A4{A™'), then we write 
M $' to mean that (mi, {ma, . . . , m„}) G If / G and ($, $') G w'f K we 
say that / preserves ($,$'), denoted / l> ($,$'), if for every matrix M G A"^^p 
for some p > 0, it holds that whenever M ^ $ and M = [MijMa] where Mi has 
n columns and M2 may be empty, we have that [/M1IM2] -< 

In light of Theorem 11.11 the relation > establishes a Galois connection between 
the sets Oa and Wa ■ We say that a set C Oa of operations on A is characterized 
by a set W C Wa of systems of pointed multisets, if 

^ = {/ G I V(<i>, e W: / ^ ($, $')}, 

i.e., T is precisely the set of operations on A that preserve every system of pointed 
multisets in W. Similarly, we say that W is characterized by J-, if 

W - {($, $') G Wa I V/ G -F: / > ($, $')}, 

i.e., W is precisely the set of systems of pointed multisets that are preserved by 
every operation in J". Thus, the Galois closed sets of operations (systems of pointed 
multisets) are exactly those that are characterized by systems of pointed multisets 
(operations, respectively). 

Example 2.1. Let p > 1 be an integer and consider the set 0^^'' Uri>p ^A*^ 
of operations on A of arity at least p. It is clearly a subalgebra of (Oa; C, t, V, *) 
which does not contain all projections. Let S be any multiset on A of cardinality 
p — 1. It is easy to verify that the system {{S},9) G w'^^ characterizes O^^"*. 
For, every operation on A of arity at least p vacuously preserves ({5},0), but no 
operation of arity less than p can preserve ({5*}, 0). 

Example 2.2. Let R C A™ be an TO-ary relation R on A. Let $/j be the set of all 
finite multisets S on A™ such that ^^^(a) ^ only if a G i?, and let := Rx 
It is easy to verify that / [> i? if and only if / > ($_r, <I''^). Hence, if C is a clone 
on A such that C = Pol Q for some set Q of relations on A, then C is characterized 
by the set {($«, ^'j^) [ i? G Q} of systems of pointed multisets. 
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As a corollary, for a clone C = Pol Q and an integer p > 1, the set C^-P^ := 
C n O^^^ of at least p-ary members of C is characterized by the set | 

G Q} U {({5*}, 0)} of systems of pointed multisets, where S is any multiset on A 
with \S\ = p — 1. 

Lemma 2.3. Let T C Oa be a locally closed set of operations that is closed under 
permutation of variables, addition of dummy variables, and composition. Then for 
every g € Oa \ 7^ , there exists a system $') e Wa that is preserved by every 

operation in J- but not by g. 

Proof. The statement is vacuously true for = Oa, and it is easily seen to hold 
for J" = 0. Thus, we can assume that C J^" C Oa. Suppose that g e Oa is 
n-ary. Since T is locally closed, there is a finite subset F C A" such that g\p ^ f\p 
for every / G J-''-"''. Clearly F is nonempty. Let M be a |F| x n matrix whose rows 
are the elements of F in some fixed order. 

Let /i be the smallest integer such that T^^^^ ^ 0. Note that since is closed 
under addition of dummy variables, ^ for all m > ji. Let X be any 

submultiset of M*. (Recall that M* denotes the multiset of columns of M.) Let 
n := (Ml, . . . , Mq) be a sequence of submatriccs of M such that {M^, . . . , M*} 
is a partition of M* \ X where each block M* has cardinality at least /U. For 
1 < i < g, let d' G TTVIj, and let D := (dS...,d«). (Note that each JTVEi is 
nonempty, because F contains functions of arity |M*| > ji. Observe also that if Mi 
is a submatrix of Mj , then J^Mj C J^M^ , because F is closed under permutation 
of variables and addition of dummy variables; in particular, each .FMj is a subset 
of JTVE.) Denote \X, H, DJ := D* i±) X, and for X t^M*, denote 

(X, n, D) := (d\ {d^, . . . , d«} W X) e A™ X MiA""). 

Note that if {X, H, D) = (x, S), then \X, H, DJ = {x} tt) S. 

We define <&' to be the set of all (X, n,D) for all possible choices of X, n, and 
D such that X ^ M* , and we define $ to be the set of all \X, 11, DJ for all possible 
choices of X, 11 and D, i.e., 

$:={.xWS'| (x.S) G$'}U{M*}, 

We first verify that ($,$') is indeed a system of pointed multisets. The first 
condition in the definition of a system of pointed multisets is clearly satisfied, by 
the definition of ($,$'). For the second condition, let {x,S) = (X, 11, D) G 
where 11 := (Mi,...,Mg) and D := (d^, . . . , d*). A simple inductive argument 
proves that {x, S') G for all S" C S, and it suffices to show that (x, S') G 
whenever 5 = S" l±l {y} for some y G A"^. If y G X, then we let 

X' :=X\{y}, 

M'l := [Afily]. 

n' := (m;,M2,...,m,). 

Since F is closed under addition of dummy variables, we have that d^ G F'M.[, and 
hence we have {x, S') = {X', W, D) G If y G {d^, . . . , d?}, say, y = d^ then we 
let 

M;:=[Mi|M,], 
n' := (Mi,...,M,_i,M,+i,...,Mg), 
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and again, since T is closed under addition of dummy variables, we have that 
G J^M']^ and we can let 

D' := (d\...,d^-\d^+\...,d'5'), 

and we have (x, S") = (X, n', D') e 

Observe first that g ($,$'). For, we have that M ^ <i> by the definition of $. 
On the other hand, since gM ^ J^M, we have that gM is not the first component 
of (X, n, D) for ah X, H, D, and hence 5M ^ 

It remains to show that / > ($, $') for all / £ 7^. Assume that / is n-ary. If 
N :— [N1IN2] -< where Ni has n columns, then N* = [X, 11, DJ for some 

X, n:=(Mi,...,M,), D:=(di,...,d«), 

where {M^;, . . . , M*} is a partition of M* \ X and for 1 < i < q, d* e J'Mj. We 
will show by induction on q that for every f £ there exist X', 11', D' such that 
(/Ni,N5) = (X',n',D') and hence [/N1IN2] ^ 

If g = 0, then we have X = M*, H = (), D = (), and \X, H, DJ = M*, and the 
condition N* = M* implies that Ni is a submatrix of M. Then /Ni e J'Ni and 

(/Ni,n;) = (m*\n^,(Ni),(/Ni)). 

Assume that the claim holds for g = fc > 0, and consider the case that q — k + 1. 
We assume that N = [N1IN2] and N* = \X,Il,T>\. If C X, then /Ni e TNi 
and 

(/Ni, N*) = (X \ , (Ml, . . . , Mfc+i, Ni), (di, . . . , d^-+i, /Ni)}. 

Otherwise, for some ie{l,...,fc + l}, dMsa column of Ni. Denote by N'^ the 
matrix obtained from Ni by deleting the column d*. Since J- is closed under per- 
mutation of variables, there is an operation /' e such that /Ni = /'[d*|N'j^]. 
By the definition of d*, there is an operation h £ J- such that /iM^ — d% and we 
have that 

(2.1) /'[dlN'i] = f'[hMM = (/' * /i)[M,|Nl]. 

Since J- is closed under composition, f * h £ T . Furthermore, 

[MilN'ilNs]* = 

\X W M*, (Ml, ... , M,_i, M,+i, . . . , Mfc+i), (d\ . . . , d^-\ d'+i, . . . , d'=+i)J . 
By the induction hypothesis, there exist X' , 11', D' such that 

((/'*/j)[M,|N'i],N;) = (x',n',D'). 

By (EH), we have that (/'*/i)[Mi|N;] = /Ni, and hence (/Ni,N;) = (A:',n',D'). 

□ 

Theorem 2.4. Let A be an arbitrary, possibly infinite nonempty set. For any set 
J- C Oa of operations, the following two conditions are equivalent: 

(i) T is locally closed and closed under permutation of variables, addition of 
dummy variables, and composition. 

(a) T is characterized by a set W C Wa of systems of pointed multisets. 

Proof, (ii) =^ (i) : It is straightforward to verify that the set of operations preserving 
a set of systems of pointed multisets is closed under permutation of variables and 
addition of dummy variables. To see that it is closed under composition, let / G 
and g G T^p'> , and consider f * g: A"+'p-'^ A. Let ($,$') £ W, and let 
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M := [Ml IM2IM3] -< $, where Mi has p columns and M2 has n ~ 1 columns. 
Since g l> (<&, $'), we have that [gMi|M2|M3] ^ <&' and hence, by property (2) of 
the definition of a system of pointed multisets, we have [(7M1IM2IM3] -< $. Then 
[5M1IM2] has n columns, and since / l> ($, $'), we have that [/[5M1IM2] jMa] -< 
But 

/[<7Mi|M2] = (/*.g)[Mi|M2], 

so [(/*g)[Mi|M2]|M3] -< and thus f * g \> («>,$')• 

It remains to show that T is locally closed. It is clear that Oa is locally closed, so 
we may assume that J- ^ Oa- Suppose on the contrary that there is a g G Oa \ J', 
say of arity n, such that for every finite subset F C A^, there is an / g 
such that g\F = /|f- Since T is characterized by W and g ^ J^, there is a system 
$') e yV such that g fz^ (<&, $'), and hence for some matrix M := [M1IM2] ~< <& 
where Mi has n columns, we have that [(7M1IM2] 7^ Let F be the finite set of 
rows of Ml. By our assumption, there is an / G such that g\F = /|f, and 
hence 

fM, = flpM, ^ glpM, = gM,, 
and so [/M1IM2] 7^ which contradicts the assumption that / [> ($,(&'). 

(i) (ii) : It follows from Lemma 12.31 that for every operation g E Oa \ J^, 
there exists a system ($, <&') £ Wa that is preserved by every operation in T but 
not by g. The set of all such "separating" systems of pointed multisets, for each 
g G Oa \ J^, characterizes □ 

3. Closure conditions for systems of pointed multisets 

In this section we will describe the sets of systems of pointed multisets that are 
characterized by sets of operations in terms of explicit closure conditions. We will 
follow Couceiro and Foldes's [5] proof techniques and adapt their notion of con- 
junctive minor to systems of pointed multisets. We first introduce several technical 
notions and definitions that will be needed in the statement of Theorem l3.9l and in 
its proof. 

For maps f: A ^ B and g: C ^ D, the composition g o f is defined only if 
B = C. Removing this restriction, the concatenation of / and g is defined to 
be the map gf: f^^[B D C] ^ D given by the rule {gf){a) = g{f{a)) for aU 
a G f~^[B n C]. Clearly, if B = C, then gf = g o f; thus functional composition 
is subsumed and extended by concatenation. Concatenation is associative, i.e., for 
any maps /, g, h, we have h{gf) = {hg)f. 

For a family {gi)i^i of maps gt : Ai ^ Bi such that AiC]Aj — whenever i ^ j ^-we 
define the (piecewise) sum of the family {gi)i£i to be the map X)iG/ 5* ■ UiG/ ~^ 
y_}i(zj Bi whose restriction to each Ai coincides with gi. If / is a two-element set, 
say / = {1,2}, then we write gi + g2- Clearly, this operation is associative and 
commutative. 

Concatenation is distributive over summation, i.e., for any family (gi)ig/ of maps 
on disjoint domains and any map /, 

(E^O/ = E(5'/) and f{J2g,) = ^(/s,)- 

i£l i£l iel iei 

In particular, if gi and 172 are maps with disjoint domains, then 



(51 + 92) f = (51/) + (52/) and /(51 + 32) = ifgi) + (/52). 
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Let gi,...,gn be maps from A to B. The 71-tuple (gi, . . . , gn) determines a 
vector-valued map 5: A — > i?", given by g{a) :— ((71(a), . . . ,gn{a)) for every a G 
A. For / : i?" — C, the composition f o g is a map from A to C, denoted by 
/(gi, . . . , (7„), and called the composition of f with gi, . . . , gn- Suppose that An A' = 
and g[, . . . ,g'^ are maps from A' to B. Let g and be the vector- valued maps 
determined by (gi, . . . ,gn) and (gj., ... ,5^), respectively. We have that f{g + g') = 
{fg) + ifg'),i.e., 

+9'l), {9n+g'n)) = figi, ■ ■ • ,3rO + /(si, ■ • ■ , On) ■ 

For B C_ A, LAB denotes the canonical injection (inclusion map) from B to 
A. Thus the restriction fls of any map f: A ^ C to the subset B is given by 
/|b = fl-AB- 

Remark 3.1. Observe that the notation /M introduced in Section[T]is in accordance 
with the notation for concatenation of mappings. Since a matrix M :— (a^, . . . , a") 
is an ri-tuplc of m-tuples a' : m — > A, 1 < z < n, the composition of the vector- 
valued map (a^,...,a"): m — > A" with /: A" -> B gives rise to the m-tuple 
/(ai,...,a"): B. 

Let m and n be positive integers (viewed as ordinals, i.e., m = {0, . . . , m — 1}). 
Let ft,: n — > toUF where 1/ is an arbitrary set of symbols disjoint from the ordinals, 
called existentially quantified indeterminate indices, or simply indeterminates, and 
let ct: V ^ Ahe any map, called a Skolem map. Then each m-tuple a e A™, being 
a map a: m ^ A, gives rise to an n-tuple (a + a)h =: (69, ■ • • , Wi-i) G A", where 

^ _ fah(»), if ft(i) e {0, 1,...,TO- 1}, 
\cr{h{i)), iih{i)eV. 

Let H := {hj)j,zj be a nonempty family of maps ftj : rij — >■ m U V, where each rij 
is a positive integer. Then is called a minor formation scheme with target to, 
indeterminate set V, and source family {nj)j^j. 

Let (<I>j)jgj be a family of sets of multisets (or pointed multisets), each $j on 
the set A'^^ , and let $ be a set of multisets (or pointed multisets, respectively), on 
A™. We say that $ is a restrictive conjunctive minor of the family ($j)jgj via H, 
if, for every m x n matrix M := (a-'^, . . . , a") G ^mxn^ 

M ^ $ =^ [3fTi, . . . , a„ e Vj e J: ((a^ + ai)ftj, . . . , (a" -I- a„)ftj) ^ . 

On the other hand, if, for every to x n matrix M :— (a^, . . . , a") G ^mx"^ 

[3(71, . . . ,a„ e Vj e J: ((a^ + ai)h,, . . . , (a" + a,,)h,) ^ $j] M ^ $, 

then we say that is an extensive conjunctive minor of the family ($j)jgj wa i/. 
If $ is both a restrictive conjunctive minor and an extensive conjunctive minor of 
the family ($j)jgj via H, i.e., for every m x n matrix M := (a^, . . . ,a") S ^™xn^ 

^ [3ai,...,a„eA^Vje J: ((ai+ai)ft,,...,(a" + (T„)ft,) ^$,], 

then $ is said to be a ti^fti conjunctive minor of the family (<i>j)jgj wa H. 

If ($, $') G Wa is a system of pointed multisets on A and ($j, $^ )jgj is a family 
of systems of pointed multisets on A (of various arities) such that $ is a restrictive 
conjunctive minor of the family ($j)jgj of multisets via a scheme H and $' is an 
extensive conjunctive minor of the family ($^ )jgj of pointed multisets via the same 
scheme H, then ($, $') is said to be a conjunctive minor of the family ($j, $^)^gj 
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via H. If both $ and $' arc tight conjunctive minors of the respective famihes via 
H, then ($,$') is said to be a tight conjunctive minor of the family (<i>j, 
via H. If the minor formation scheme H := (hj)j^j and the family are 
indexed by a singleton J := {0}, then a tight conjunctive minor ($, $') of a family 
consisting of a single system of pointed multisets ($o, 'i'o) called a simple minor 
of (*o,$o)- 

Lemma 3.2. iei ($, $') 6e a conjunctive minor of a nonempty family 
of members of Wa, and let f e Oa- If f > {^31%) for all j e J, 
then f [> ($,$')• 

Proof. Let ($, $') be an m-ary conjunctive minor of the family ("I>j, via the 

scheme := {hj)j^j, hj : nj ^ mUV. Let M := (a^, . . . , a") be an arbitrary mxn 
matrix such that M -< $. We want to prove that /M -< Since $ is a restrictive 
conjunctive minor of (<i?j)jgj via H = {hj)j^j, there exist Skolem maps cr^ : V ^ A, 
I < i < n, such that for every j G J, Mj := ((a^ + ai)hj, . . . , (a" + (Jn)hj) -< $j. 

Since is an extensive conjunctive minor of via the same scheme H = 

{hj)j^j, to prove that /M -< it suffices to give a Skolem map a: V —?■ A such 
that, for aU j e J, (/M + a)hj -< Let a := /(ai, . . . ,cr„). We have that, for 
each j & J, 

{fM + a)h, = (/(ai,...,a") + /(ai,...,a„))/i, 
(/(ai+ai,...,a"+a„))/i, 
- /((ai + . . . , (a" + an)h,) = /M,. 

By our assumption / [> $^), so we have /Mj □ 

We say that a set W C Wa of systems of pointed multisets is closed under 
formation of conjunctive minors if whenever ($j,$j)jgj is a nonempty family of 
members of W, all conjunctive minors of the family ($j, $j)jg,/ are also in W. 

Let e Wi™^- If * C * and $' = ^f', then we say that ($,$') 

is obtained from (^I',^!'') by restricting the antecedent. If $ = and $' 3 4'', 
then we say that ($, $') is obtained from (^E*, 5'') by extending the consequent. The 
formation of conjunctive minors subsumes the formation of simple minors as well as 
the operations of restricting the antecedent and extending the consequent. Simple 
minors in turn subsume permutation of arguments, projection, identification of 
arguments, and addition of a dummy argument, operations which can be defined for 
systems of pointed multisets in an analogous way as for Pippenger's ^14j constraints 
or Hellerstein's generalized constraints. 

The TO-ary trivial system of pointed multisets on A is il™ := {A4{A™), A"^ x 
A4{A"^)). For p > 0, the m-ary trivial system of pointed multisets on A of breadth 
p is rj,l^^ := A" X The m-ary empty system on A is the 

pair (0, 0). Note that 0,1^^ ^ 0, because ({e}, 0) is the unique member of ilm^. The 
m-ary equality system on A, denoted E^, is the system := (Em, E'^^), where 

E^ := {S e M{A"') I z^5(ai,...,a™) ^0 ai = • • ■ = a„}, 

E'^:^{{a,...,a)eA"'\aeA}xE„,. 

Lemma 3.3. Let W C be a set of systems of pointed multisets that contains the 
binary equality system and the unary empty system. If W is closed under formation 
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of conjunctive minors, then it contains all trivial systems, all equality systems, and 
all empty systems. 

Proof. The unary trivial system is a simple minor of the binary equality system via 
the scheme H := {h}, where h: 2 — ;> 1 is given by h{0) — h{l) — (by identification 
of arguments). The m-ary trivial system is a simple minor of the unary trivial 
system via the scheme H := {h}, where h: 1 — >■ m is given by h{0) = (by 
addition of m — 1 dummy arguments). 

For m > 2, the m-ary equality system is a conjunctive minor of the binary 
equality system via the scheme H := {hi)i^m-i, where hi: 2 — >• m is given by 
hi{0) = i, hi{l) = i + 1 (by addition of n — 2 dummy arguments, restricting the 
antecedents and intersecting the consequents). 

The m-ary empty system is a simple minor of the unary empty system via the 
scheme H := {h}, where h: 1 — >■ m is given by h{0) = (by addition of m — 1 
dummy arguments). □ 

We define the union of systems of pointed multisets componentwise, i.e., if 
(i>j, $^)jgj is a family of pointed multisets on A of a common arity m, then the 
union of ($j,$^)jgj is 

U($„*;) ■■={[] '^>^V^'^)- 

jeJ jeJ ]e.i 

Lemma 3.4. Let be a nonempty family of m-ary systems of pointed 

multisets on A. If f: A" ^ A preserves ($j, $^) for every j e J, then f preserves 

Proof Let M := [M1IM2] -< Ujgj*i- Then M -< $j for some .) e J. By the 
assumption that / > ($j,$^), we have [/M1IM2] -< ^'j, and hence [/M1IM2] -< 

Let $ C MiA"'), C A™ X X(A'"), 5 e X(A"). The quotient of the set $ 
of multisets by the multiset S is defined as 

^/S := {S' e MiA"^) I 5 tbi S" e 

The quotient of the set of pointed multisets by the multiset S is defined as 

^'/S := {{x, S') eA^'x M(^") \{x,S^ S') G $'}. 

The quotient of the pair ($,$') by S is defined componentwise, i.e., {^,^')/S 
:= ($/S', ^'/S). It is easy to verify that if ($, $') is a system of pointed multisets 
on A, then so it ($, ^')/S for every S e A1(A™). 

Lemma 3.5. Let C MiA"") and S G MiA""). Then 

(i) X e^/S if and only 7/ X liJ S' G 

(ii) ($U*)/S'= ($/5')U(*/S'). 

Proof, (i) Immediate from the definition. 

(ii) By part (i) and the definition of union, we have 

X G ($ U ^)/S <^XttlS'G$U*<^XttlS'G$VXw5G* 

<^ X G ^/S V X G ^/S € {^/S) U (*/5). 

The claimed equality thus follows. □ 
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Lemma 3.6. Let (<i?, $') be an m-ary system of pointed multisets on A. If f : A" 
A preserves ($,$'), then f preserves {^,^')/S for every multiset S e Ai{A'^). 

Proof Let [M1IM2] -< ^/S. Let N be a matrix such that N* = S. Then 
[M1IM2IN] -< $. By our assumption that / > ($, $')> we have [/Mi|M2|N] -< 
Thus, [/M1IM2] -< ^'/S, and we conclude that / t> ($, ^')/S. □ 

Lemma 3.7. Assume that ($,<&') is an m-ary system on A such that flm^ C 
($,$')• If f- ^" A preserves all quotients where \S\ > p, then f 

preserves ($,$'). 

Proof. Let [M1IM2] -< i>, where Mi has n columns and M2 has n' columns. If n' < 
p, then the number of columns of [/M1IM2] is n' + 1 < p, and hence [/M1IM2] -< 
Otherwise n' > p and, by our assumption, / \> ($,$')/M2. Thus, since 
Ml -< $/M^, wo have that /Mi -< ^'/M^. Therefore [/M1IM2] -< and we 
conclude that / [> ($, <!>'). □ 

For an m-ary system ($,$') G W^^^ and p > 0, set := $'(p)), 

where 

$(p) := $nM(f)(74™), 

$'(p) := n (yl™ X m^-'^\a'^)), 

that is, := ($, $')nn^\ is obtained from ($, by restricting the breadth 

to p. 

Lemma 3.8. Let (<I>, $') be an m-ary system of pointed multisets on A. Then 
f: ^ A preserves $') if and only if f preserves for all p>0. 

Proof Assume first that / > Let [M1IM2] -< Since C we 

have that [M1IM2] -< and hence [/M1IM2] -< $' by our assumption. The 
number of columns of [/M1IM2] is at most p, so we have that [/M1IM2] -< $'(p). 
Thus, / > ($,$')^^^- 

Assume then that / \> ^')^p'> for all p>0. Let M := [M1IM2] ^ and let 
g be the number of columns in M. Then [M1IM2] -< and hence [/M1IM2] ~< 
by our assumption. Since ^'^^^ C we have that [/M1IM2] -< and we 
conclude that />($,$')• 1^ 

We say that a set W C Wa of systems of pointed multisets is 

• closed under quotients, if for any ($,$') G W, every quotient is 
also in W; 

• closed under dividends, if for every system ($,$') € Wa, say of arity m, 
it holds that ($,$') e yy whenever Jl^^ C ($,$') and & W for 
every multiset S on A™ of cardinality at least p; 

• Zoca/Z?/ closed, if ($, e W whenever g W for all p > 0; 

• closed under unions, if Ujej(*J'ji '^'j) S W whenever is a 
nonempty family of m-ary systems in W; 

• closed under formation of conjunctive minors, if all conjunctive minors of 
nonempty families of members of W are members of W. 

Theorem 3.9. Let A be an arbitrary, possibly infinite nonempty set. For any set 
W C Wa of systems of pointed multisets on A, the following two conditions are 
equivalent: 
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(i) W is locally closed and contains the binary equality system, the unary empty 
system, and all unary trivial systems of breadth p > 0, and it is closed under 
formation of conjunctive minors, unions, quotients, and dividends. 

(ii) W is characterized by some set J- C Oa of operations. 

In order to prove Theorein l3.9l we need to extend the notions of tuple and system 
of pointed multisets and allow them to have infinite arities, as will be explained 
below. Functions remain finitary. These extended definitions have no bearing on 
Theorem 13.91 itself; they are only needed as a tool in its proof. 

For any nonzero, possibly infinite ordinal m (an ordinal m is the set of lesser 
ordinals), an m-tuple a G A™ is formally a map a: m ^ A. The arities of tuples 
and systems of pointed multisets are thus allowed to be arbitrary nonzero, possibly 
infinite ordinals. In minor formation sehemes, the target m and the members Uj of 
the source family are also allowed to be arbitrary nonzero, possibly infinite ordinals. 
For systems of pointed multisets, we shall use the terms restrictive conjunctive 
oo-minor, extensive conjunctive oo-minor, conjunctive oo-minor and simple oo- 
minor to indicate a restrictive conjunctive minor, an extensive conjunctive minor, 
a conjunctive minor, or a simple minor via a scheme whose target and source 
ordinals may be infinite or finite. Thus in the sequel the use of the term "minor" 
without the prefix "oo" continues to mean the respective minor via a scheme whose 
target and source ordinals are all finite. Matrices can also have infinitely many 
rows but only a finite number of columns; an m x n matrix M G A"^^^ , where n is 
finite but m may be finite or infinite, is an n-tuple of m-tuples M :— (a^, . . . , a") 
where a* : m — >■ A for 1 < « < n. 

Let H :~ (hj)j^j be a minor formation scheme with target m, indeterminate set 
V and source family [nj)j^j, and, for each j £ J, let Hj :— {h'^j)i^i. be a scheme 
with target Uj, indeterminate set Vj and source family {n^j)i^i^. Assume that V is 
disjoint from the Vj's, and for distinct j's the V^'s are also pairwise disjoint. Then 
the composite scheme H{Hj \ j £ J) is the scheme K := {kj)jeJ.ieij defined as 
follows: 

(i) the target of K is the target m of H, 

(ii) the source family of K is {nj)j^j^i^j^ , 

(iii) the indeterminate set of if is t/ :— V U (UjeJ ^')' 

(iv) kj : n^j — i> m U is defined by fcj := [hj + tyy,. )/iJ, where LuVj is the canonical 
injection (inclusion map) from Vj to U . 

For a set W of systems of pointed multisets on A of arbitrary, possibly infinite 
arities, we denote by W°° the set of those systems which are conjunctive oo-minors 
of families of members of W. This set W°° is the smallest set of systems of pointed 
multisets containing W which is closed under formation of conjunctive cxD-minors, 
and it is called the conjunctive oo-minor closure of W. Considering the formation 
of repeated conjunctive oo-minors, we can show that the following lemma and 
corollary hold; these are analogues of Couceiro and Foldes's Claim 1 and Fact 1 in 
the proof of Theorem 3.2 in J2|. 

Lemma 3.10. //($, $') is a conjunctive oo-minor of a nonempty family $^)j£j 
of systems of pointed multisets on A via the scheme H , and, for each j £ J , ($j, $^) 
is a conjunctive oo-minor of a nonempty family ($ji, $^j)ig/^ via the scheme Hj, 
then ($,$') is a conjunctive oo-minor of the nonempty family (^ji,^'j^)j^j_i^i^ via 
the composite scheme K := H{Hj | j G J). 
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Corollary 3.11. Let W C Wa be a set of finitary systems of pointed multisets, 
and let >V°° be its conjunctive oo-minor closure. IfW is closed under formation of 
conjunctive minors, then W is the set of all finitary systems belonging to W°° . 

We are now ready to prove the key result needed in the proof of Theorem 13.91 

Lemma 3.12. Let A be an arbitrary, possibly infinite nonempty set. Let W C Wa 
be a locally closed set of finitary systems of pointed multisets that contains the binary 
equality system, the unary empty system, and all unary trivial systems of breadth 
p > 0, and is closed under formation of conjunctive minors, unions, quotients, and 
dividends. Let W"" be the conjunctive oo-minor closure o/ W. Let (<i>, $') G Wa\W 
be finitary. Then there exists a function in Oa which preserves every system in VV°° 
but does not preserve ($,<&'). 

Proof. We shall construct a function g that preserves all systems in W°° but does 
not preserve ($,$'). 

Note that, by CoroUarv 13.111 ($,<&') cannot be in W°°. Let m be the arity of 
(<i>, $'). Since W is locally closed and ($, $') ^ W, there is an integer p such that 
($, ($, $') n f^i? ^ W; let n be the smallest such integer. By Lemma [3?8l 

each function not preserving 

$')(") does not preserve ($, <&') either, so we can 
consider ($,$')'^"'^ instead of ($,$'). Due to the minimality of n, the breadth of 
(<1>, $')(") is n. Observe that ($, $') is not the trivial system of breadth n nor the 
empty system, because these are members of W. Thus, n > 1. 

We can assume that ($, is a minimal nonmember of W with respect to 
identification of rows, i.e., every simple minor of ($,<&') obtained by identifying 
some rows of (<i>, $') is a member of W. If this is not the case, then we can identify 
some rows of (<i>, $') to obtain a minimal nonmember (<&, $') of W and consider 
the cluster ($,$') instead of ($,$'). Note that by Lemma [3.21 each function not 
preserving ($, $') does not preserve (<i>, $') either. 

We can also assume that ($, is a minimal nonmember of W with respect to 
taking quotients, i.e., whenever S ^ e, we have that ($,<i>')/S' € JC. If this is not 
the case, then consider a minimal nonmember {^,^')/S of W instead of ($,<&'). 
By Lemma [3.61 each function not preserving {^,^')/S does not preserve (<&,$') 
either. 

The fact that ($, $') is a minimal nonmember of W with respect to taking 
quotients implies that fim^ % ($,<&'). For, suppose, on the contrary, that fim'' Q 
($, $'). Since all quotients ($, $')/S' where 151 > 1 are in W and W is closed under 
dividends, we have that (<I>, g W, a contradiction. 

Let := U{(^.^') e W I (P,P') C i-e-, is the largest 

system in W such that (^',^'') C ($,<!>'). Note that this is not the empty union, 
because the empty system is a member of W. It is clear that (vP,^') ^ ($,<&'). 
Furthermore, ^E" C for if it were the case that 4" = then (<&, $') would be a 
conjunctive minor of (^, by extending the consequent and hence ($, <&') would 
be a member of W, a contradiction. Since n was chosen to be the smallest integer 
satisfying ($,$')^"-' i W, we have that ($,$')("-!) g W and since C 
($, $')("), it holds that ($, $')("-!) C , ■^'). Thus there is a multiset Q € $ \ ^' 
with IQI ~ n. Let D (d^, . . . , d") be an m x n matrix whose multiset of columns 
equals Q. 

The rows of D are pairwise distinct. Suppose, for the sake of contradiction, 
that rows i and j of D coincide. Since $') is a minimal nonmember of W with 
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respect to identification of rows, by identifying rows i and j of ($, $'), we obtain a 
system ($, $') tfiat is in W. By adding a dummy row in the place of the row that 
got deleted when we identified rows i and j, and finally by intersecting with the 
conjunctive minor of the binary equality cluster whose rows i and j are equal (the 
overall effect of the operations performed above is the selection of exactly those 
multisets in $ and pointed multisets in $' whose rows i and j coincide) , we obtain 
a system ($, !>') e W such that Q G $ and ($, $') C ($, $'). But this is impossible 
by the choice of Q. 

Let ($,$') := ($,$') ur^m. We claim that for =^ e, i^,^')/S = or 
(4, $')/S' = ^O/S" U n^°J. For, by Lemma [3l] we have 

If l^l > 1, then nik^/S = (0,0); hence (!>,$') = ($,$')• ^ l-S"! = 1, then ni}J/S = 
({£}, 0) = n^°^; hence ($, 1-')/^ = (<&, $')/^ U f^i?. 

Since ($, $') is a minimal nonmember of W with respect to quotients, ilm^ G W 
and W is closed under unions, by the above claim we have that {<t,^')/S G W 
whenever \S\ > 1. Since W is closed under dividends, we have that ($, $') G W. 

Let (T,T') n{(-P,^') S W | Q G P}, i.e., (T, T') is the smallest system in 
W such that Q E T. Note that this is not the empty intersection, because ($, 
is a member of W, as shown above, and Q G $; thus (T, T') C ($, $'). 

We claim that T' ^ Suppose, on the contrary, that T' C Then we 
must have that $ ^ T. For, if it were the case that $ C T, then ($, $') would 
be a conjuctive minor of (T, T') (by restricting the antecedent and extending the 
consequent) and hence ($, $') would be a member of W, a contradiction. Consider 

(A, A') (*,*') U(Tn$,T'). 

Let us first verify that the pair (Tn<i>, T') is actually a system of pointed multisets. 
Since (T, T') G Wa, it holds that T' is downward closed and {a;} W S* G T for every 
{x,S) G T'. By the assumption that T' C $' and by the fact that ($,$') G Wa, 
it also holds that {x} l±) S" G $ for every {x, S) G T'. Indeed, (T n 4>, T') G Wa as 
claimed. 

The system (T n <&, T') is a conjunctive minor of (T, T') G W (by restricting the 
antecedent) and hence it is a member of W. Since (4", is also a member of W 
and W is closed under unions, we have that (A, A') G W. We have that 

(vI/,vi/')c(A,A')c ($,$'), 

where the first inclusion clearly holds by the definition of (A, A'), and the inclusion 
is strict, because Q G T fl $ but Q ^ 4". The second inclusion holds, because 
(^','i'') C ($,$') by the definition of (*,*')> T n $ C $ by the definition of 
intersection and T' C $' by our assumption. The second inclusion is strict, because 
(A, A') G W but ($,<&') ^ W. We have reached a contradiction, because (^E",*') is 
by definition the largest member of W that is componentwise included in ($,<&'). 
This completes the proof of the claim that T' ^ 

We have shown above that T' C but T' 2 ^' ■ We conclude that there exists 
an m-tuple s G ^™ such that (s, e) G T' \ 

Let M (m^, . . . , m") be a /i x n matrix whose first m rows are the rows of 
D (i.e., (m^(z), . . . , m"(i)) = (d^(i), . . . , d"(z)) for every i G m) and whose other 
rows are the remaining distinct n-tuples in ^4" ; every n-tuple in is a row of M 
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and there is no repetition of rows in M. Note that m < /i and /i is infinite if and 
only if A is infinite. 

Let (6,9') := f]{{P,P') € >V°° | M ^ P}. There must exist a fi-tnple u := 
{ut \ t € /x) in A^^ such that u(i) = s(i) for all i ^ ni and (u,£) G 6'. For, suppose 
that this is not the case. Let (9, 9') be the projection of (9, 9') to its first m 
coordinates. Then (9,9') G W and Q £ 9 but (s,e) ^ 9'. This contradicts the 
choice of s. 

We can now define a function g : A" yl by the rule glsA = u. The definition 
is valid, because every n-tuple in A" occurs exactly once as a row of M. It is clear 
that g \^ ($, $'), because D ^ $ but gD = s 7^ $'. 

We need to show that every system in >V°° is preserved by g. Suppose, on the 
contrary, that there is a p-ary system ($Q,$g) e W°°, possibly infinitary, which 
is not preserved by g. Thus, for some p x n' matrix N := (c^,...,c" ) -< $o> 
with No := (ci,...,c"), Ni (c"+i, . . . , c"'), we have [gNo|Ni] 7^ Let 
(3>i,$'J := ($o,*o)/Nt- Since W is closed under quotients, (<^i,^'i) S W. We 
have that Nq -< $1 but gNg 7^ $'1, so g does not preserve ($i,$'i) either. Define 
h: p — > /X to be any map such that 

(ci(*),...,c"(z)) = ((mi/i)(z),...,(m"/^)(*)) 

for every i € p, i.e., row i of Nq is the same as row h{i) of M, for each i E p. 
Let ($/i,$5i) be the p-ary simple 00-minor of ($1,$']^) via H := {h}. Note that 
($?„$'J G >V°°. 

We claim that M -< To prove this, by the definition of simple 00-minor, it 
is enough to show that (m^/i, . . . , m"/i) -< $1. In fact, we have for 1 < j < n, 

m'h = {m' h{i) | i G p) = (c-'(i) \ i E p) = c-' , 

and (ci,...,c") =No ^ $1. 

Next we claim that (u, e) ^ $'^. For this, by the definition of simple 00-minor, 
it is enough to show that uh -/< . For every i E p^vfe have 

(u/i)(z) = (5(mi,...,m")/i)(z) 

= g{{m'hm, (m"M(^)) = g{c\{), . . . ,c"(*)). 

Thus uh = gNa. Since gNo 7^ $'1, we conclude that (u,e) ^ $5^. 

Thus, ($h,$'ft) e M ^ $,1 but (u,e) ^ $',^. By the choice of u, this is 

impossible, and we have reached a contradiction. □ 

Proof of Theorem \3.9i (ii) =^ (i) : It is clear that every function preserves the 
equality, empty, and trivial systems. By Lemmas 13.21 13.41 [3Jl and 13.71 W is closed 
under formation of conjunctive minors, unions, quotients, and dividends. 

It remains to show that W is locally closed. Suppose on the contrary that there is 
a system ($,$') G Wa\W, say of arity m, such that ($,$')(p) = ($,$') nf)^^ G W 
for all p > 0. By (ii), there is an operation /: A" ^ A that preserves every system 
in W but does not preserve ($, $'). Thus, there is a p > and an m x p matrix 
M := [M1IM2] -< $ such that [/M1IM2] 7^ $'. By our assumption, ($, $')(p) G W, 
but we have that [M1IM2] ^ and [/M1IM2] 7^ $'(p\ which is a contradiction 
to the fact that / > ($, $')(p). 

(i) (n): By Lemma [3T2l for every system ($,<!>') G Wa \ W, there is a 

function in Oa which preserves every system in W but does not preserve ($,<!>'). 
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The set of these "separating" functions, for each ($, $') e Wa \ W, characterizes 
W. □ 

4. The number of closed sets 

In this section, we will show that the closure system of the subalgebras of 
(Ca; Ci ''') *) is uncountable whenever \A\ > 2. We will first recall basic no- 
tions related to terms and term operations, following the notation and terminology 
presented in [5]. 

For a natural number n > 1, let Xn '■— {xi, . . . ,x„} be a set of variables. Let 
{fi I i G 7} be a set of operation symbols, disjoint from the variables, and assign to 
each operation symbol fi a natural number rii , called the arity of fi . The sequence 
T := {ni)i£i is called a type. The n-ary terms of type r are defined in the following 
inductive way: 

(i) Every variable Xi G Xn is an n-ary term. 

(ii) If fi is an ri^-ary operation symbol and ti,. . . ,tni are n-ary terms, then 
fi(ti, . . . , tn-) is an n-ary term. 

(iii) The set Wr{Xn) of all n-ary terms is the smallest set which contains the 
variables xi , . . . , a;„ and which is closed under the finite application of (ii) . 

Every n-ary term is also an m-ary term for every m > n. Let X := [Jn>i — 
{xi, X2, . . . }. We denote by Wt{X) the set of aU terms of type r over the countably 
infinite alphabet X: 

Wr{X) := U Wr{Xn). 

n>l 

A term is linear, if it contains no multiple occurrences of the same variable. We 
denote by W^'"(X„) the set of all n-ary linear terms of type r over the alphabet 
Xn, and we denote by W.^™(X) the set of all linear terms of type r over X. 

The number of occurrences of operation symbols in a term is called the complexity 
of the term. A term s is a subterm of a term t if t = usv for some words u and v. 
The subterms of a linear term are linear. 

Let A ~ (A; {fi)iei) be an algebra of type r, i.e., each fundamental operation fi 
has arity n^, and let t be an n-ary term of type t over X. The term t induces an 
n-ary operation t-^ on A (see Definition 5.2.1 in |5]). We call an operation induced 
by a linear term a linear term operation. The set of all n-ary linear term operations 
of the algebra A is denoted by W^'"(X„)-^, and the set of all finitary linear term 
operations of the algebra A is denoted by Wl™{X)-^. 

For a set F C Oa, the universe of the subalgebra of {Oa',C^'''t'^^*) generated 
by F is denoted by (F) . The following theorem shows that linear terms are related 
to subuni verses of (Oa'tCtT't'^t*) much in the same way as terms are related to 
clones. 

Theorem 4.1. Let A = {A; {f^)iei) be an algebra of type t, and let W^'"(X) be 
the set of all linear terms of type r over X . Then W^^'"(A')"^ is a subuniverse of 
(Oyi; C, T, V, *) that contains all projections on A. Moreover, W^"^{X)-^ = {{fi \ 

leljuSA). 

Proof Since for all 1 < i < n, a;^ G X„, we have xf = e"'^ G W^"'{X)^. Thus 
W^'"(A')-^ contains all projections on A. Let f,g d Wl™{X)-^, say / is n-ary, g 
is m-ary. Then there exist linear terms t G VKj.'"(A"„), s G W^^'"(A'm) such that 
f^ ^f,s^^ 9- Then 
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• t{x2,X3, . . . , Xn,Xi) e ^^'"(Xn) and t{x2,X3, . . . ,x„,xi)-^ = Cf, 

• t{X2,Xl,X3, . . .,Xn) e Wl"^{X„) and t{X2,Xl,X3, ■ . ■,Xn)-^ = Tf, 

• t{x2, . ■ .,Xn+i) G W"^'"(X„+i) and t{x2, ■ ■ . ,a;„+i)-^ = V/, 

• t{s,Xm+l,Xm+2, ■ ■ ■ ,Xm+n-l) G Wl'"" (Xm+n-l) and 
t{s,Xm+l,Xm+2, ■ ■ ■ ,Xm+n-l)'^ = f * 9- 

Thus, Cf,rf,'Vf,f * G Therefore, W^'"(X)-^ is a subuniverse of 

(OA;Cr,V,*). 

It is clear that {/-^ | i G /} U f a C and so ({/j^ \ i € 1} U Sa) C 

W!^'"(X)-^. We will show the converse inclusion by induction on the complexity 
of a term t. If t = Xi G X„, then t-^ = e"'^ G ({//^ | i G J} U £a). Otherwise 
t = fi{ti, . . . ,tni) is a linear term and t-^ G W)™(X)-^. Then there exist numbers 
mi, ... , nirn > 1 and an injective map 



a: {{j, k)€uixui\l<j<ni, l<k< mj} — >■ {1, . . . , n} 



such that the variables occurring in the linear term tj (1 < j < rii) are precisely 
Xij{j,i)i ■ ■ ■ 1 Xa(j,mj)- For 1 < j < rii, let uj be the mj-aiy term that is obtained by 
replacing the occurrence of ^^^(j,^) by Xi for each 1 < i < rrij. Note that then we 
clearly have that 



,A Af \ / \A 



It is clear that f-^ G | i G /} U 5a), and by our induction hypothesis it also 

holds that u-^, .... u-^^ G {{fi^ | i G /} U £a)- Then repeated applications of ( and 
* show that the functions 



Cff, 

C(C./^*<), 
C(C/^*<)*<-i, 

c(c(c/^*0*<-i), 
c(c(c/i^ * O * <-i) * <-2> 



c(c(- • ■ (c(c/i^ * O * <-i) *---)*u^)*ut 
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are all in ({/-^ | i e /} U ^a). Note that 

C//^*"n.(ai>--->am„,+n.-l) = 

/i^(am„;+i, • • • ,a„i„.+„._i,'u;f.(ai, . . . ,am„.)), 

/i^(am„.+2, ■ • • , Om^.+rii-l, fll, (a2, • • ■ , am„.+l)), 

C(C/i^ Wn.-i(ai> ■ • ■ ,a™,.^_i+,„„^+„,_2) = 

(^m^i^ _ 1 +?n,i^ +1 ; ■ ■ • 7 ^rUn^ _ i +mTi^ — 2 ; 

(ai, . . . , am„. _i ), (am„ ._i+l, • ■ • , am„ _i+m„ . )), 

CiCi- ■ ■ iCiCff * u^J * u:^,^i) * ■■■)*u^)*u-^{ai,...,am,+m2+-+m„^) = 

/i^(^i*('^l I ■ • • I 0„ii ), {ami+1 , ■ ■ ■ , ami+m2 )i ■ • • j 

^n; (Omi+m2H l-ni„^_i+lj ■ ■ • j ami+m2H (-"1^^ ))■ 

Furthermore, repeated applications of ^, r and V yield that the n-ary function g 
given by 

g(ai,...,a„) = (wi ( 

is in I z e /} U £a)- We clearly have that t-^ = 5. Therefore {/^^ | i G 

i^} U f A ^ and the claimed equality holds. □ 

Assume that and 1 are distinct elements of A. For each integer 71 > 3, define 
the function : Ahy 

(l if (ai,...,a„) e {0,1}" and 
/z„(ai,.. . ,a„) = < {1, ...,n}:a., = 1}| e {l,n - 1}, 

[0 otherwise. 

In the particular case that A = {0, 1}, the /i„ are the Boolean functions defined by 
Pippenger [1?, Proposition 3.4]. Observe that /i„(0, . . . , 0) = for every n > 3. 

Lemma 4.2. Let I C w\{0, 1,2} andk G a;\{0, 1,2}. Then fik e I « ^ /}U£:a) 
z/ and only if k ^ I . 

Proof. If G /, then obviously /ifc G ({/i^ | i G /}U£{o,i})- Assume then that k ^ I. 
Let — {A; {fii)i(zj). By Theorem 14. 11 it is enough to show that there is no linear 
term t of type t :— such that t'^ — ^k- Thus, let t be a fc-ary linear term of 

type T. It is clear that a fc-ary linear term does not contain any operation symbols 
of arity greater than fc, and since k ^ I, the operation symbols occurring in t have 
arity less than fc. If t = xj, then t-^ — ej'^, but clearly /i^ is not a projection. 
Otherwise, t has a subterm p of the form fi{xi-^ , . . . ,Xi^), where £ < k and ii, . . . ,ii 
are pairwise distinct. Let x G {0, 1}*^ be a fc-tuple with I's at exactly £— 1 positions 
among ii, . . . ,ii and O's at all remaining positions. 

Claim. For every subterm s of t that contains p as a subterm, s-^(x) = 1. 
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Proof of Claim. We first define the depth d{s, t) of a subterm s in the linear term 
t recursively as follows: d{t, t) = 0; and if s = . . . , i„. ) is a subterm of t with 

d{s, t) = d, then d{tj,t) — d + 1 ior 1 < j < rii. 

We proceed by induction on the depth d of the subterm p in s. If d = then 
s = p, and so s'^(x) = P'^(x) = Aif(x) — 1. Assume that the claim holds for d = q 
for some q > 0. Let then d = q + I. Then s = fm{ti, . . . , tm) for some m < k, and 
there is an n € {1, ... , m} such that p is a subterm of ti and the depth of p in ti 
is d. By the induction hypothesis, t^(x) — 1. Furthermore, we have that for all 
p^n, 

where the first equality holds because the variables , . . . , Xi^ do not occur in tp 
since i is a linear term; and the second equality holds because the fundamental 
operations of A preserve 0, and hence so do all term operations on A. Thus, 

S-^(x) = friit^i^), . . . , t^A^)) = ^irn{0, . . . , 0, 1, 0, . . . , 0) = 1, 

as claimed. o 

By the Claim, we have in particular that i'^(x) — 1. However, since 3 < £ < k, 
we have that 1<^— l<fc — 1; hence /^fc(x) =0. □ 

Theorem 4.3. Let \A\ > 2. 

(i) The set of subalgebras of {Oa] Cj *) containing all projections is uncount- 
able. 

(ii) The set of .subalgebras o/ (Oa; Ci ''"j *) '-s uncountable. 

Proof (i) By Lemmag^l if /, J C a;\{0,l,2} and / 7^ J, then ({^, | i e I}U£a) ^ 
I i E J}LI£a)- Thus, there are uncountably many subalgebras of {Oa', t, V, *) 
containing all projections. 

(ii) An immediate consequence of (i). □ 

Table [T] summarizes the Galois connections that describe closure systems of sub- 
algebras of various reducts of {Oa', C, t, A, V, *) considered in the literature, up to 
our knowledge. It is well-known that the closure system of line 2 of Table [1] (and, 
in particular, that of line 1) is countably infinite in the case = 2 (see, e.g., |10)). 
Pippenger |14j showed that the closure system of line 3 is uncountable whenever 
\A\ > 2. By Theorem 14.31 this is also the case for the closure system of line 5. 
From this it follows that the closure systems of lines 4 and 6 are uncountable as 
well whenever \A\ > 2. 

Looking at possible directions for future work, we are inevitably drawn to con- 
sider the remaining reducts of {Oa', C, t, ^, ^, *)■ This asks for analogous descrip- 
tions of the subalgebras of these reducts in terms of Galois connections and the 
sizes of the respective closure systems. 

Acknowledgements. The authors wish to express their gratitude to Ivo Rosen- 
berg for suggesting the problem of finding a characterization of the closure system 
of subalgebras of {Oa', (, t, V, *). 

References 

[1] V. G. BODNARCUK, L. A. Kaluznin, v. N. Kotov, B. a. Romov, Galois theory for Post 
algebras. I, II (in Russian), Kibernetika 3 (1969) 1-10, 5 (1969) 1-9. English translation: 
Cybernetics 5 (1969) 243-252, 531-539. 



GALOIS CONNECTION FOR CLOSED SETS OF OPERATIONS 



21 





ALGEBRA 


DUAL OBJECTS 


REFERENCE 




(Oa;Ct,A,V,*) 






1 


- subalgebras 
with projections 
(clones) 


relations R 


Geiger [7]; Bodnarcuk, 
Kaluznin, Kotov, Romov [1] 
(finite domains), 
Szabo [H]; Poschel [TS] 
(general) 


2 


- all subalgebras 


relation pairs {R, R') 
with R' C R 


Harnau [5] (finite domains) 


3 


(0a;C,t,A,V) 


constraints {R, S) 


Pippenger [2] (finite 
domains) , 

Couceiro, Foldes [2] (general) 


4 


(Oa;C,t,V) 


generalized 
constraints (0, S) 


Hellerstein (finite 
domains) , 

Lehtonen 11 (general) 


5 


- subalgebras 
with projections 


clusters $ 


Lehtonen ill; (general) 


6 


- all subalgebras 


systems of pointed 
multisets ($, $') 


Theorems [2H[3;i 



Table 1. Galois theories for function algebras. 



[2] M. Couceiro, S. Foldes, On closed sets of relational constraints and classes of functions 

closed under variable substitution. Algebra Universalis 54 (2005) 149-165. 
[3] M. Couceiro, E. Lehtonen, Classes of operations closed under permutation, cylindrification 

and composition, 40th IEEE International Symposium on Multiple- Valued Logic (ISMVL 

2010), IEEE Computer Society, Los Alamitos, 2010, pp. 117-121. 
[4] K. Denecke, M. Erne, S. L. WiSMATH (eds.), Galois Connections and Applications, Kluwer 

Academic Publishers, Dordrecht, 2004. 
[5] K. Denecke, S. L. WiSMATH, Universal Algebra and Applications in Theoretical Computer 

Science, Chapman & Hall/CRC, Boca Raton, 2002. 
[6] C. J. Everett, Closure operations and Galois theory in lattices. Trans, Amer. Math. Soc. 

55 (1944) 514-525. 

[7] D. Geiger, Closed systems of functions and predicates. Pacific J. Math. 27 (1968) 95-100. 
[8] W. Harnau, Ein verallgemeinerter Relationenbegriff fiir die Algebra der mehrwertigen Logik, 

Teil I (Grundlagen), Teil II (Relationenpaare), Teil III (Beweis), Rostock. Math. Kolloq. 28 

(1985) 5-17, 31 (1987) 11-20, 32 (1987) 15-24. 
[9] L. Hellerstein, On generalized constraints and certificates. Discrete Math. 226 (2001) 211- 

232. 

[10] D. Lau, Function Algebras on Finite Sets, Springer- Verlag, Berlin, Heidelberg, 2006. 

[11] E. Lehtonen, Closed classes of functions, generalized constraints and clusters, Algebra Uni- 
versalis (2010), doi:10.1007/s00012-010-0071-6. 

[12] A. I. Mal'CEV, Iterative Post Algebras (in Russian), Nauka, Novosibirsk, 1976. 

[13] 0. Ore, Galois connexions. Trans. Amer. Math. Soc. 55 (1944) 493-513. 

[14] N. Pippenger, Galois theory for minors of finite functions, Discrete Math. 254 (2002) 405- 
419. 

[15] R. Poschel, Concrete representation of algebraic structures and a general Galois theory. In: 
H. Kautschitsch, W. B. Miiller, W. Nobauer (eds.). Contributions to Ceneral Algebra (Proc. 
Klagenfurt Conf., 1978), Verlag Johannes Heyn, Klagenfurt, 1979, pp. 249-272. 



22 



MIGUEL COUCEIRO AND ERKKO LEHTONEN 



[16] R. POSCHEL, A general Galois theory for operations and relations and concrete characteri- 
zation of related algebraic structures, Report R-01/80, Zentralinstitut fiir Mathematik und 
Mechanik, Akademie der Wissenschaften der DDR, Berlin, 1980. 

[17] R. PosCHEL, L. A. Kaluznin, Funktionen- und Relationenalgebren: Bin Kapitel der 
diskreten Mathematik, Birkhauser, Basel, Stuttgart, 1979. 

[18] L. SzABO, Concrete representation of related structures of universal algebras. I, Acta Sci. 
Math. (Szeged) 40 (1978) 175-184. 

[19] A. SzENDREi, Clones in Universal Algebra, Seminaire de mathematiques superieures, vol. 99, 
Les Presses de I'Universite de Montreal, Montreal, 1986. 

(M. Couceiro) MATHEMATICS Research Unit, University of Luxembourg, 6, rue Richard 
Coudenhove-Kalergi, L-1359 Luxembourg, Luxembourg 
E-mail address: miguel . couceiro9uni . lu 

(E. Lchtonen) Computer Scienc;e and Communications Research Unit, University of 
Luxembourg, 6, rue Richard Coudenhove-Kalergi, L-1359 Luxembourg, Luxembourg 
E-mail address: erkko . lehtonenSvmi . lu 



